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PACS ll.25.-w Strings and branes 

Abstract -We study the presence of lumplike solutions in models described by a single real scalar 
field with standard kinematics in two-dimensional spacetime. The results show several distinct 
models that support the presence of bell-shaped, lumplike structures which may live in a compact 
space. 


Introduction. — Defect structures that appear in 
'“P* high energy physics can exhibit a topological or non- 
CLfopological profile. They have been the issue of several 
investigations [l][2], and may also be of interest in many 


k>concentrate mainly on adding another new possibility, of 
5 _J constructing models that support lumplike structures of 
a the compact type, leaving for the future the use of these 
solutions to applications in condensed matter and in high 
energy physics. 

We then focus on the search of non-topological solu¬ 
tions, which appear in models described by a single real 
scalar field in (1,1) spacetime under the action of non¬ 
linear interactions. They are of general interest, and 
can be used in soft condensed matter physics describing, 
for instance, charge transport in diatomic chains 10-14 
and bright solitons in fibers [9 15 , and in high energy 
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physics, for example, as seeds for the formation of struc- 
q-balls 


tures 

ions 


16- 
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as 


21 24, skyrmions 25-27 


and ax- 
291 and 


fher areas of physics [3j-[5|[9 . Usually, topological de¬ 
fects are linearly stable in relativistic field theory, and the 
non-topological ones are unstable. The instability of the 
_ localized structures does not rule them out of physics, be- 
cause we can enlarge the model and find mechanisms to 
stabilize the solution [9[{28| . An example of this is the case 


in braneworld scenarios 30,31]. The investigation that we 


develop is similar to the study implemented in 32|33 , but 
here we focus on another issue, dealing with the presence 
of lumplike solutions which lives in a compact space. 

Defect structures of the compact type firstly appeared in 
as solutions of models with nonlinear dispersion and 


34 


80 of a fermionic ball 17,19 for instance, which can appear 


when one considers the inclusion of charged fermions, in 
ON a way such that the fermions may be entrapped inside 
Othe collapsing solution, making it charged and stabiliz- 
1 ing the whole structure. Another possibility is to see the 
Tl scalar field as an axion field |6jj8], and this opens inter- 
^ esting new routes 28 . For these reasons, in this work we 


nonlinearity. Since it is not possible to include nonlinear 
dispersion in relativistic field theory with standard kine¬ 
matics, it is hard to find compact structures in this case. 


However, the investigations conducted in 35 showed the 


existence of topological compact solutions for specific po¬ 
tentials. Furthermore, in 36 , a way to smoothly go from 


kinks to compactons in models with standard kinematics 
was developed, although only for topological solutions. 

To close the gap, in this work we focus attention on 
compact lumps, that is, on non-topological structures of 
the compact type. The present study is different from the 
recent work 37 , where a compact lump is constructed in 


a Klein-Gordon model. We organize the investigation as 
follows: In Sec. II we briefly review lumps in the standard 
scenario and illustrate the results with some explicit ex¬ 
amples. We then modify the kinematics of the standard 
Lagrange density and present compact lumps in Sec. III. 
We go on and investigate models with standard kinemat¬ 
ics, but with specific potentials, showing that it is possible 
to reach a compact structure for lumps by introducing real 
and integer parameters in the potential that controls how 
the scalar field self-interacts. In Sec. IV we present our 
conclusions and perspectives. 
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Lumps. — In order to review models that support 
non-topological or lumplike solutions, let us consider a La¬ 
grange density with standard kinematics, in the form 

C= l -d^d^-V^), (1) 

where d M = d/dx with the Minkowski metric defined 
by 77/xi/ = diag(+,—), and V{(f >) represents the potential, 
which we consider to have V = 0 as a local minimum. 
Here we consider dimensionless field and coordinates, for 
simplicity. The equation of motion is 

0-0" + V^ = 0, (2) 

in which the dot and the prime stand for the derivative 
with respect to t and x, respectively, and V ( p = dV/d<j). If 
(f> is static field, the above equation simplifies to, 

</»" = V+. (3) 

Defining the topological current as j^ = e ,iv d l ,(f>, we get the 
topological charge Q = <f)(x —> oo) — 4>{x —> —oo). Lumps 
are non-topological solutions, so Q = 0. This means that 
<j)(x —>■ oo) = cj>{x —► —oo), which can be used as boundary 
conditions for the equation of motion (J3|. If a lump exists, 
we can calculate its energy density to find 

p(x) = ^' 2 + V(ct>). (4) 

In order to see how the static solution behaves under 
small fluctuations, we study linear stability by taking 
(j>(x,t) = (j)(x) + r]i(x) cos(wjf). We use this into Eq.([2]) 
and expand it up to first order in rj to get a Schrodinger- 
like equation 

— Vi + U(x)rji = ( 5 ) 

with 

U{x)=V H |^ (x) , (6) 

being the stability potential, which asymptotically tends 
to the mass of the scalar field at the considered minimum. 
The zero mode rj q(x) can be found to be 

T)o(x) = <j/{x). ( 7 ) 

In Eq. (J5|, the solution is unstable if at least one wf is 
negative. In the case of lumps, the zero mode usually has 
a node, meaning that there is one lower bound state with 
negative energy. In the following subsections, we show two 
examples of lumps in the context of standard kinematics. 

Inverted 0 4 model. To illustrate the general situation, 
let us consider a model that supports lumplike solutions. 
We take the inverted <f> 4 model, which is given by the po¬ 
tential 

V&) = - ^» 2 ). ( 8 ) 

This potential has a local minimum at </> = 0 and zeroes at 
(j) = ±1. The squared mass at the minimum </> = 0 is given 


by m 2 = 1. The equation of motion for static solutions in 
this case is 

= 0(1 20 2 ), (9) 

whose solution in the interval <p £ [0,1], obeying the 
boundary conditions, is given by 

<f)(x) = sech(a;). (10) 

The energy density has the form 

p(x) = sech 2 (:r) tanh 2 (a;), (11) 

which gives energy E = 2/3. Finally, the stability poten- 
cial is given by 

U(x) = 1 — 6sech 2 (:r). (12) 

It supports the zero mode and another bound state, with 
negative energy. The zero mode rf q(x) = sech(x) tanh(x) 
has a node, thus signaling that it is not the lowest bound 
state. The lump is unstable under small fluctuations. 

cj) 3 model. Another model that admits lump like solu¬ 
tions is the (j) 3 model, given by the potential 

W(0) = 20 2 (1 - 0). (13) 


It has a local minima at <fi = 0, with mass m 2 = 4, and a 
zero at <f> = 1. The equation of motion for static solutions 
is 


cj)" = 2cj){2 - 3<j>), 

(14) 

and now the lump is 


4>(x) = sech 2 (x), 

(15) 

with energy density 


p(x) = 4sech 4 (:r) tanh 2 (a;), 

(16) 


that can be integrated to give the energy E = 4/3. The 
stability potential is given by 

U(x) = 4 — 12sech 2 (a;). (17) 

It supports the zero mode rj(x) = sech 2 (a;) tanh(x), which 
has a node, so there is another mode, with a negative 
bound state. This shows that the (j) 3 lump is unstable 
under small fluctuations. 

Compact Lumps. — Let us now investigate the pres¬ 
ence of compact lumps in models described by a single real 
scalar field. We first deal with a model with generalized 
kinematics, and then we study other models, with stan¬ 
dard kinematics. 

Generalized kinematics. We now modify the kinemat¬ 
ics of the Lagrange density ([!]) and take a specific poten¬ 
tial: 

£ = -i(^W) 2 -12</» 2 (l-</») 2 . (18) 
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Fig. 1: The potential (221 depicted for a = 0, and increasing to 
larger and larger values. The dotted line represents the a = 0 
case and the dashed line, the a —> oo case, as in Eq. I25h. 


The equation of motion that gives the static solutions for 
this model is 



which is solved by 

<t>{x) = | 


80 ( 20 - 1 )( 0 - 1 ), 

cos 2 (a;) |x| < 7r/2; 
0 jxj > 7r/2. 


(19) 


( 20 ) 


The above solution obeys the correct boundary condi¬ 
tions. Then, it is a lump. However, it reaches the bound¬ 
ary values at finite values of x , so it is a compact lump. 
Thus, the solution per se only exists in a compact space. 
This solution exhibits a discontinuity in the second deriva¬ 
tive and has energy density 


Pc(x) 


sin 4 (2a;), |a;| < 7r/2, 
0, |a:| > 7 t/2, 


( 21 ) 


that can be integrated to give the total energy E = 3n/8. 

The above model supports a non-topological compact 
structure, but it is described with modified kinematics. 
However, we want to find compact structures in models 
with standard kinematics, so in the next subsections, we 
present models that show this feature. 

Compactifying the inverted (j) A lump. We take the La¬ 
grange density 0 with the potential 

V a (<t>) = ^(1 - t 2 ) (Vi + «(2 + cy)<j> 2 - l) , (22) 


where a is a non-negative real parameter. For any a, this 
potential has a minimum at <f> = 0, with mass given by 
m 2 = 1 + a/2, and zeroes at <f> = ±1. As a increases, 
the solution tends to compactify. This is similar to the 
behavior suggested before in 36 to describe compact kink. 
We should note here that a lump has to have the very 
same behavior asymptotically, and this makes it hard to 
find asymmetric lumps. 

Let us now look deeper at the potential (22). For small 
a, that is, for a ~ 0 we have 



Fig. 2: The solution of the equation (261 (left) and its energy 
density (right) depicted for a = 0, and increasing to larger and 
larger values. The dotted line represents the a = 0 case. 


Then, from the above expression one can see that the limit 
a —> 0 gives us the inverted 4> A model. Also, for large 
values of a, for a -1 ~ 0 we get 


V l M) = ||0|(1 - tf) + - 1)(1 - 0 2 )a -1 + ©(a" 2 ). 

(24) 


Then, we define 




(25) 


as the compact limit. In Fig. |TJ we depict the potential 
(22) for a = 0 and increasing to larger and larger values. 
The equation of motion for a arbitrary is 


( a(2 + a)(l — 3</ 2 ) — 2 2 

2 a y y/1 + a (2 + a )</> 2 


(26) 


Unfortunately, we have been unable to find analytical so¬ 
lution of the above equation for a general a. We only 
know the solution for the a = 0 case. The case a > 0 
must be solved numerically. In Fig. [2j we have depicted 
the solution and the energy density for several values of 
a, including a = 0. We note that the energy density has 
a zero at the origin. By numerical integration, we find 
that the energy for a —► oo case is E 00 ss 0.9585. Fur¬ 
ther, we have plotted the stability potential and the zero 
modes for this model in Fig. [3] The results show that the 
model tends to support compact structure in the limit, 
although we do not know the analytic expression for the 
solution. We have found numerically that the solution for 
very large values of a tends to compactify at xq ~ 2.6221, 
and checked that it satisfies the equation of motion at the 
boundaries. 

Compactifying the <p 3 lump. In the previous subsec¬ 
tion, we presented a model that supports compactons, 
but the analytical expression for the compact solution was 
found numerically. We now investigate a model that ad¬ 
mits an analytical expression for the compact solution. 
This can be done with the standard Lagrange density and 
the new potential 


VM) = \f{l tf) + ^ 2 (l - </> 2 ) 2 a + 0(a 2 ). (23) 


V a {<j>) = ^(1 - (j>) (V 1 +a{ 2 + a )cj) 2 - l) , (27) 


P-3 















D.Bazeia et al. 




Fig. 3: The stability potential (left) and the zero modes (right) 
depicted for a = 0, and increasing to larger and larger values. 
The dotted line represents the a = 0 case. 


where, again, a is a non-negative real parameter. For any 
a, this potential has a minimum at <f> = 0, with mass given 
by m 2 =4 + 2a, and a zero at (f> = 1. Let us see how this 
potential behaves when a is small, that is, a ~ 0: 



Fig. 4: The potential (27 ) depicted for a = 0, and increasing to 
larger and larger values. The dotted line represents the a = 0 
case and the dashed line, the limit a oo, as in Eq. (|3()||. 


that can be integrated all over the space to give the energy 
E c = 7t/ 2. Furthermore, the stability potential is 


TO) = 2^(1 - 0) + TO - Ml - TO + TO 2 )- (28) 

From the above equation, we see that the limit a —► 0 
leads us to the 4> 3 model already investigated. On the 
other hand, the asymptotic behavior (aT 1 ~ 0) of the 
potential is 

TO) = 2|TO-TO2(1TO(H —ITO+TO” 2 ), (29) 

so we take the potential 


TO) = 2|0|(l-0), 


(30) 


to define the compact limit. The potential (271 is depicted 
in Fig. [3] for several values of a. 

The equation of motion for a arbitrary is 

2 /a(2 + cO(l-2<WTOl A 


Ot l y/l + a(2 + TO 2 


(31) 


For general a, this equation was solved numerically and 
its solutions, as well as its energy density, are plotted in 
Fig-! Also, we have checked that the numerical solutions 
satisfy the equation of motion at the boundaries. 

However, one can calculate the equation of motion for 
the case a —> oo, represented by the potential (301 to get: 




(32) 


This equation admits exactly the solution (201, which is a 


compact lump. We note that for the solution (201, both 
sides of (32) go to 2, when x ±7r/2. This shows that 


we have compactified the solution (15) in a scenario with 
standard kinematics. As we have the expression for the 
compact solution, we can calculate its energy density: 


U c (x) 


-4, \x\ < tt/ 2, 
oo, \x\ > 7t/2, 


and the zero mode has the form 


Vc 0 {x) 


— sin(2:c), \x\<n/2, 

0, \x\ > 7t/2. 


(34) 


(35) 


In Fig. [6j we have depicted the stability potential and 
the zero modes for several values of a, including the cases 
a = 0 and a —> oo. 

Analytical model. We now introduce another model, 
described by the potential 

V(4>) = ^q 2 (<TO 9 - l) </> 2 , (36) 


where q = 3, 5, 7, • • •. This potential has a minimum at 
(j) = 0 and two zeroes at (j) = ±1. It is depicted in Fig. [7] 
It is similar to the case considered in 


38 


used to give rise 
to new kinklike structures of the 2-kink type. It is also 


similar to the case considered in 37 , used to build charged 


compact structures in a relativistic Klein-Gordon model. 
It is important here because it can be solved analytically 
for q = 3, 5, 7, • • • , arbitrary. 

The equation of motion for static solutions is 


(j)" = -qcj) (q + (1 — q)<t) 2/9 ) . 
It admits the solution 


</TO) = 


cos 9 (a;), |ar| < f, 


0 , 


Fl > f. 

which is a compact lump. The energy density is 


(37) 


(38) 


Pc{x) 


sin 2 (2a:), |x| < tt/2, 
0, |x| > tt/2, 


(33) 


Pq(x ) 


sin 2 (a;) cos 29 2 {x), |a:| < f, 

0, \x\ > f, 


(39) 
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Fig. 5: The solution of the equation (311 (left) and its energy 
density (right) depicted for a = 0, and increasing to larger and 
larger values. The dotted and dashed lines represent the a = 0 
and a — > oo cases, respectively. 


Fig. 6: The stability potential (left) and the zero modes (right) 
depicted for a = 0, and increasing to larger and larger values. 
The dotted and dashed lines represent the a = 0 and the a —» 
oo case, respectively. 


that can be integrated to give energy 

p _ V^ r(g- |) 

9 2 T(q + 1 ) ’ 


(40) 


where T(z) is the Gamma Function. In Fig. [ 8 j we have de¬ 
picted the solution and the energy density for some values 
of p. 

In this case, the stability potential is given by 


U q {x) 


(q- l)(g- 2 )sec 2 (:c) - q 2 , |z| < §, 

oo, \x\ > f, 


and the zero mode is 



<t> 


Fig. 7: The potential (361 depicted for q = 3,5 and 7. The 
thickness of the lines increases with q. 


r] q {x) = 


gsin(:r)cos 9 1 (x), 

0 , 


< 2 
— 2 ’ 

> - 
^ 2 ’ 


(42) 


In Fig. [9] we can see how the stability potential and zero 
mode behave. The zero mode presents a node, which is 
an evidence of the instability of the lump like solution, as 
it is for lumps in general. 

This model is different from the two others, since it 
is solved analytically, and supports compact solution for 
every q = 3, 5, 7, ■ ■ • . In the two previous cases, we get 
to a compact solution asymptotically, as we make the real 
parameter to increase to larger and larger values. The 
presence of analytical solutions helps us to explore the 


potential 39 40 


stability potential (411 analytically. It is the Poschl-Teller 
and the eigenvalues are given by 


= (n — l)( 2 g + n — 1 ), 


(43) 


for n = 0, 1 , 2,- We note that Wg = 1 — 2 q, which is 

clearly negative since q = 3, 5,7,...; thus, the lumplike so¬ 


lutions (38) are unstable. The eigenfunctions correspond¬ 


ing to the above eigenvalues can be obtained analytically; 
they are 

Vn,q(x) = Cn t q 2 F 1 (^-n,2q+n-2,q-^,sm 2 ^ + 

x cos ' 3-1 (a;), (44) 


where 2 Fi (a, 6 , c, z) is Hypergeometric function, C n ^ q 
stands for the normalization constant, and x is rec- 
tricted to the compact interval [— 7 r/ 2 , 7 t/ 2 ]. We note from 
Eq. (44) that 771,5 equals r] q given by Eq. (42), as expected. 


Ending comments. — We studied the existence of 
compact lumps in relativistic field theory. After reviewing 
the basic facts about lumps, we investigated a model with 
modified kinematics, showing that it gives rise to compact 
lumplike structures. We then showed how to make a lump 
compact, in models with standard kinematics. We studied 
three distinct models, two described by a real parameter, 
one inspired on the inverted (j) A model, which is solved 
numerically, and the other which is inspired on the <fi 3 
model, also solved numerically, but with the compact limit 
allowing for a analytic compact solution, and the third 
one, described by a different parameter, q , which can be 
odd integer. The third model is particularly interesting, 
since it can be solved analytically and presents compact 
solutions for every (odd integer) value of the parameter q. 

The models that we investigated describe lumplike 
structures, so all the solutions are linearly unstable, with 
the corresponding zero modes having a node at the ori¬ 
gin. However, we can stabilize them with the addition of 
charged fermions, for instance, or changing the model to 
describe complex field and searching for q-balls and other 
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Fig. 8: The solution (381 (left) and its energy density (391 Fig. 9: The stability potential (41 1 (left) and its zero mode 


(right) depicted for q = 3, 5 and 7. The thickness of the lines 
increases with q. 


(42 1 (right) depicted for q = 3,5 and 7. The thickness of the 
lines increases with q. 


localized structures in one, two or three spatial dimen¬ 
sions. Moreover, we can consider lumplike excitations as 


axions in the dark sector 28 and as tachyonic branes in 
curved spacetime with a warped geometry 30 31 . The 


fact that we found compact objects naturally induces the 
compact behavior, without the need to make the spatial 
dimension compact. These and other issues motivate us 
to go further and extend the above models, searching for 
such compact structures in other scenarios. 
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